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Statistics of random world lines in a fixed electromagnetic field are considered.
The equation for a vector j is obtained. This vector describes the density of
random world lines in a pure ensemble. It is shown that in the two-dimensional
space-time this equation coincides with the Dirac equation to within the terms
of the order of magnitude of (A/L)? (A is Compton’s wavelength, L is a typical
length of the system).

1. INTRODUCTION

In previous papers (Rylov, 1971,1973,1977) it has been shown that
nonrelativistical quantum mechanics can be considered as a nonrelativistic
approximation of world line statistics (relativistic statistics).!

There are two notions of the state of the dynamical system. (1) A
notion of the nonrelativistical state (n state) is used when the state of a
system is given at a certain moment of time. The » state obeys a motion
equation, which describes evolution of the » state. For instance, the
particle n state is determined at a certain moment by coordinates g and
momenta p. (2) A relativistical state (r state) is given over all space-time.
The particle r state is the equation of the world line x‘=g’(r). For the
deterministic particle the coordinates of its world line obey some equations
which are restrictions imposed upon possible r states (see Rylov, 1973).

A comprehensive bibliography on quantum mechanics interpretation from the standpoint of
classical mechanics can be found in the survey by Kaliski (1970) and in the book by
Belinfante (1973).
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The statistics of n states, i.e., statistics of points in the phase space, is
the conventional classical statistics. We shall call the statistics of r states,
i.e., statistics of world lines (as well as statistics of n dimensional surfaces
in the case when the system consists of n particles) as relativistic statistics.
The relativistic statistics are statistics of extended directed subjects (lines,
surfaces). At this point the relativistic statistics differ from the classical
statistics, which are statistics of zero-dimensional subjects (points). A set of
peculiarities of relativistic statistics is connected with this circumstance.

The application of relativistic statistics to random (nondeterministic)
world lines is developed in papers (Rylov, 1971,1973,1977). Here I for-
mulate briefly the main idea. Let there be a classical particle, i.e., a particle
whose motion can be described by a world line in the space-time. Let the
particle motion be random. For instance, the random (nondeterministic)
character of its motion may be conditioned by accidental interaction with
a medium (ether). For description of the motion of such a particle it is
necessary to use statistical methods, in particular, relativistic statistics.

Application of the statistics, both conventional statistics and relativis-
tic ones, to nondeterministic dynamical systems is determined by a statisti-
cal principle (Rylov, 1973).

The Statistical Principle. Any dynamical system S (deterministic or
nondeterministic) whose state is described by quantities X corresponds to a
deterministic dynamical system A4, which is called a statistical ensemble of
systems S. The statistical ensemble 4 is a set of systems S and has the
following properties.

(1) A state j of the statistical ensemble A4 is a state density of systems
S.

(2) The equations for the ensemble state j are invariant with respect to
transformation j—Cj (C=const).

(3) If the ensemble state j has proper normalization (on one system)
every additive quantity B,? attributed to the statistical ensemble as a
dynamical system, is the mean value of quantity B for the system S.

(4) If the state density j can be treated as the probability density to
detect the system S at the state X, then the mean value (F) of any
function F of the state X of the dynamical system S can be calculated by
means of formula

C(F= [ F(X)j(X)dx

where integration is produced over all states X of the system S.

2The quantity B is an additive one by definition, if the value of B for several independent
dynamical systems is equal to sum of values of B for every system. Examples of additive
quantities are: energy, momentum, angular momentum.
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The dynamical systems S forming the ensemble 4 are called elements
of the ensemble 4.

A formal difference between classical statistics and relativistic ones
consists in following. In the classical statistics the state j of the ensemble is
a scalar, and point (4) of the statistical principle is always fulfilled. In the
relativistic statistics j can be a vector or a tensor. For this reason point (4)
of the statistical principle is fulfilled sometimes, and mean values can be
calculated for additive quantities only.

2. THE STATEMENT OF THE PROBLEM

Let us consider a classical particle with a mass m and a charge e. The
particle moves in the given electromagnetic field with the 4-potential A4,
(i=0,1,2,3). The world line x’=¢g(7) (i=0,1,2,3) (7 is a parameter along
a world line) is an extremal of the functional of action

] - max(v',’r”)(_ me (q,igikq.k)l/Z__ 'E_ceAlqz)d,r

min(+’,7")

S[

)

dq’
a @.1)

1]

q'i

Here 7', 77 are values of 7 at the ends of the integration range. The term
raised to the —;— power in (2.1) is supposed to be positive. g;, is a metric

tensor, which in the inertial frame has a form

Bi™= -1 (2.2)
-1

c is the speed of light, e is a component of the world line orientation.

The world line is supposed to be oriented, i.e., there is some de-
termined direction of motion along the world line. This direction can be
described by means of the nonzero vector I/, which is tangent to the world
line and changes continuously along it. On the world line let there be some
parametrization P, which is performed by parameter 7 (i.e., all points of
the world line are numbered by parameter 7). Then

i
r=csL (2.3)
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where C is a factor of proportionality. Let us call component ¢ of the world
line orientation & with respect to parametrization P as the quantity

e=sgnC (24)

e takes the values =1 and is transformed with the transformation of the
parametrization P

1" =@(7) (2.5)
according to the law
'T’
et =¢ sgn ?’T— (2 .6)

If ¢ is transformed according to (2.6), the integral (2.1) is invariant with
respect to any transformation (2.5) of the world line parametrization.
Change of the sign of the component ¢ of the world line orientation (with
constant parametrization P) leads to a change of the particle by antipar-
ticle and vice versa.

Usually the world-line orientation is connected with the direction of
increase of the parameter 7 along the world line. But such a method
forbids the transformation (2.5) with d¢/d7 <0. The method which is used
here is more convenient in that respect, that it removes all restrictions
upon the manner of parametrization and allows any transformation of the
form (2.5).

Orientation ¢ is like a usual vector. Components A4; of the vector A
change with transformation from one coordinate system to another, al-
though the vector A does not change. Likewise ¢ is a component of an
orientation & with respect to some parametrization of the world line. With
a parametrization transformation the component & changes, generally
speaking, whereas the orientation & is invariable.

The electrical charge of the particle, which is described by the action
(2.1), is equal to ee, but not e. The electrical charge changes sign with
changing the world line orientation (for example, e— —¢). This means that
change of the world line orientation transforms a particle into an antipar-
ticle (Rylov, 1970).

Let us consider the statistics of dynamical systems. Fach system
consists of a particle, which moves in a given electromagnetic field. In
accordance with the statistical principle a statistical ensemble corresponds
to the dynamical system (2.1). Let us suppose that the world lines of
particles have a special property. One and only one world line passes
through each point of a region { of the space-time. This means that the
world lines of the ensemble fill the region {2 without intersection. Such an
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ensemble is called a simple one in region 2. The world lines described by
the action (2.1) are smooth. For this reason an arbitrary ensemble of such
lines can be considered to consist of simple ensembles, i.e., elements of the
arbitrary ensemble A4 are deterministic dynamical systems—the simple
ensembles, which in turn consist of uncrossing world lines. Thus considera-
tion of the arbitrary ensemble can be reduced to consideration of the
simple ensembles.

Let us consider the properties of the simple ensemble. Such an
ensemble can be considered a certain continuous medium. Let us intro-
duce Lagrange’s coordinates £={£,, §,, §;} numbering the particles of the
ensemble. Let us introduce the designation £,=r. The action of many
noninteracting particles is equal to the sum of actions of these particles.
For this reason the action of the particle ensemble can be written in the
form

g da* 1/2 3g’
s[q]=fn[—mc(5§iog,.ka—’éo-) —%Ai(q)ég—o]ld“g[ 2.7)

where d*¢=d¢,d¢ d¢,dE,. Here g'=q'(§), £={&,, &), &5, &;). The world
line of the particle with a number §={¢,, §,, &5} is given by functions

x'=q'(%,§) (2.8)

with fixed value of £

One and only one world line passes through each point x of the region
0 of the space-time. For this reason Lagrange’s coordinates £=
{£0, &1, &5, &5} are single-valued functions of coordinates x of the point P
in the region {2, and Jacobian

J= 8(507 £]a 62’ g3)

- a(x% x', x2, x?)

#0 (2.9)

Let us consider a vector field
i e J
Jimjix) =g, i=0,1,2,3 (2.10)
3o,

where ¢ is the component of the world line orientation with respect to its
parametrization P, which is performed by parameter £3=7, and

gg=sgn J (2.11)

£ =08,/3xk,  i,k=0,1,2,3 (2.12)
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J is considered a function of §; ,. By means of the identity

oJ ox’
— =] 2.13
%, 9%, @)

the (2.10) can be rewritten in the form

i

. oJ ox’ ax
7] =€£05—£: =£|J|5_£;=|JI€FT_ (214)

It follows from (2.14) that j’ represents a vector which is tangent to
the world line and does not depend on the parametrization P of the world
line. The flux of the vector j’ through the three-dimensional area ds; can be
represented in the form

(2.15)

I3

1,
dN = p ds;
Taking into account that according to (2.2) in the inertial frame
| g|=1det|| gull| = c* (2.16)

one obtains

]gll/z a(J 1)
¢ ox’

a(J l)

dg= dg (2.17)

l

C

where J ~!=1/J is considered to be a function of quantities x* =03x'/3¢,.
d§ is a volume element on the space of quantities £= {§,, £,, £}

d§=d§,d§, dg, (2.18)
The world line flux through ds, is obtained in the form

ax’ B(J 1)
ax"0

dN=%j"dsi ol 15 d=cey dE (2.19)

Let us chose numeration £ of the world lines in such a way that an
unity volume J§ contains one world line. Then |dN | represents the number
of world lines crossing the area ds;. dN has one sign for particles and
another for antiparticles. This means that the vector j* =eedJ /£, , repre-
sents 4-vector of the flux density of particles and/or antiparticles depend-
ing on the sign of dN.
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Let us consider (2.7) as a functional of functions §; =£,(x)=£.(q),
which are reverse functions with respect to ¢’(£¢). Then (2.7) takes the form

S[e]= [ ()~ a7

+Pi(5505%,_ —ji)}]d4x|, d*x=dx%x'dx*dx*® (2.20)
0,i

Here integration is produced over the region £ of the space-time. p; are
Lagrangian multipliers, which introduce designation (2.10). Owing to (2.9)
extremals of the action (2.20), considered as a functional of functions
£, p, j, coincide with extremals of action (2.7), considered as functional of
7'(%).

Thus the action (2.20) describes an evolution of the n state of the
simple ensemble. The n state of the simple ensemble is described by the
quantities j', p;, &, (i=0,1,2,3). In general, the quantities p; and £, can be
excluded. Then the 7 state of the simple ensemble is described by vector j°
and its time derivatives. In short, the n state of the simple ensemble of
world lines is described by the flux density j’ of the world lines.

An arbitrary ensemble can be considered as an ensemble whose
elements are simple ensembles. Generally speaking, an »n state of the
arbitrary ensemble cannot be described by means of current density j* and
its time derivatives only.

Let us introduce a notion of a pure ensemble. The pure ensemble is an
ensemble whose n state can be described by means of quantities j* and
their time derivatives. These quantities obey some equations which de-
scribe the n-state evolution. The above-mentioned simple ensemble is a
pure one. The reverse statement is not correct, generally speaking. Not all
pure ensembles are simple. In other words, an ensemble can be pure and
be described by j*, but it does not consist of uncrossing world lines. An
ensemble which is not pure is called a mixed ensemble. The mixed
ensemble can be considered as an ensemble whose elements are pure
ensembles. The notion of a pure ensemble is important when an ensemble
of nondeterministic world lines is considered. In this case the ensemble
cannot be a simple one, as far as world lines have random breaks.
Apparently, an ensemble of random world lines, which do not cross inside
some definite region, does not exist. But an ensemble whose n-state is
described by j' does exist (the pure ensemble).

From the formal standpoint the action (2.20) describes a certain
continuous medium: a charged relativistic dust, moving in a given electro-
magnetic field. A thermal motion of the dust particle is absent.



652 Rylov

Let us suppose that besides electromagnetic force some random force
acts upon every particle. As a result of the action of this force the motion
of the particle becomes random. Something like relativistic Brownian
motion arises. The action (2.20) is unsuitable for describing ensembles of
such nondeterministic particles. It is necessary to make some assumption
about a character of the random force. Taking into account this force one
obtains some additional terms in the action (2.20). These terms describe
the influence of the chaotic motion of particles upon the mean motion of
particles of the ensemble. This mean motion is described by the flux
density j*.

We shall not make any assumption about the random force, but shall
make some assumption about the additional term in the expression of
action (2.20). It is known from the Brownian motion theory that the
influence of chaotic motion upon the mean motion manifests itself in the
diffusion of particles. The particles travel from regions of high concentra-
tion into regions of low concentration of particles. This phenomenon can
be taken into account by adding into (2.20) a term containing derivatives
a5’ /oxk.

Naturally, this term has to contain a combination of derivatives that is
relativistically invariant. Besides I want that description to include a
possibility of particle—antiparticle pair generation. For this the additional
term has to imitate a field that generates pairs. Such a field can be
introduced even in classical relativistic mechanics (Rylov, 1970).

For this it is necessary to consider a particle of mass m. Its world line
x'=¢q'(7) (i=0,1,2,3) is described by the action

max(7’,7”)

S[q]=- me [ §'g.g*— af(q)]ar (2.21)

min(r’, ")

with a—0. Here f(g) is an external field, a given function of coordinates.
For certain functions f(q) the world line [extremal of functional (2.21)] can
turn backward with respect to time. It can describe generation and
annihilation of particle—antiparticle pairs. f(g) is a field that generates
pairs of particles. A world line must not depend on the manner of
numeration of its points. For this reason the action should be invariant
with respect to transformation (2.5). This can be achieved tending a to +0
in (2.21). Then, generally speaking, limiting (a— +0) extremals will not be
extremals of the limiting (a->+ 0) functional, i.e., the generation phenome-
non is preserved with a—+0. This can be seen from the fact that the
limiting Jacobi—~Hamilton equation corresponding to (2.21) has the form

f(q)(ﬁgfka—i —mzcz) =0 (2.22)
aq' dq
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At the points where f(q)=0, the conventional Jacobi— Hamilton equa-
tion

98 w95 —m%?=0 (2.23)
dg' " 9g*

i

can be violated. At these points a break of world line (and, in particular,
pair generation or pair annihilation) is possible.

It is worth bearing in mind that the pair generation is connected with
introducing the term af(g) inside the term raised to the 1/2 power in
(2.21). If we expand (2.21) into a power series in a and confine ourselves to
the terms of first order, then the pair generation disappears.

Thus, introduction of a field f(g) describing particle generation in the
classical approximation is possible. Only a source of this field and its sense
are not clear.

Let us add a term into (2.20). For this term to imitate the field f(qg), it
should be added to the term inside the term raised to the 1/2 power in
(2.20). Let us postulate an action of the pure ensemble in the form

2

. A \1/2
S[E,p,j]=j;l _(m2c2jlgikjk— 3 BikB'k)

ee . aJ Y] 4.
- Aj +pi(eeo-—ago,i j ) ld x| (2.24)

where
By=Jx —J B*= g Hg ksst (2.25)
k i1s Planck’s constant. The comma denotes differentiation:

Jix= aji/axk

The additional term is universal in the sense that it contains universal
constants c, %, and derivatives of j* only. It does not contain any parame-
ters that describe the particle. The additional term is constructed from flux
density components j’ in the same way the Lagrangian of the electromag-
netic field is constructed from components of the 4-potential A4,. The
expression in square brackets in (2.24) is generally covariant and has the
same form in any curvilinear coordinate system.
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3. EQUATIONS OF MOTION

Let us represent (2.24) in the form

S[erd]=[ [ — meK— —AJ+p(§éJ— —j")]ld“xi @3.1)

where
' A2 172
K=l(j’gikjk— ?BikB'k) (3-2)
and
h
>\= Tn_c (3.3)

is a Compton’s wavelength of the particle. Varying the action (3.1) with
respect to £, leads to the following equations of motion:

8S 927
= =—3 — =0 3.4
5%, (P aso,,ag,-,k) 34

where

3, =09/ox*

Varying with respect to p; leads to equations (2.10). It is convenient to
exclude Lagrangian variables £; and to write equations in terms of Eulerian
variables. Let us use the following identities:

3 aJ d 3%

— =0, —_—— e =) 3.5

ax &, ; ax* 0¢, ,0¢; . (3-9)
oy oJ o oJ

—_ . =gk 8! 3.6

ago,lasi,kgt’s 3o, ° ago,k : (3.6)

By means of (2.10) the first identity of (3.5) can be written in the form

a,.(;i; j")=o (3.7)

Multiplying (3.4) by §; ; and using identities (3.5),(3.6) one obtains

;l—oj'{ak@eop,)—a,(eeopk)}=o (3.8)
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As far as egg= = 1, the equations (3.7),(3.8) can be rewritten in the form

3,/'=0 (3.9)

jl(akpl“ a/Pk)=0 (3.10)

The equations (3.9),(3.10) are fulfilled everywhere except, perhaps be,
those points where eg, changes sign.
Varying with respect to j* leads to the equations

me . Nmec. (8B e .
p"—m—Y(—j"_Tak(T _?Ai 1—0,1,2,3 (311)

Finally, let us write those equations (2.25) that contain a time derivative d,:

aoja=—BOa+aaj0’ a=192’3 (3.12)

The system of equations (3.9)—(3.12) contains 10 independent equa-
tions of the first order. It contains 10 quantities: j’ (i=0,1,2,3), Pos Bou
(a=1,2,3). As far as quantities p, and By (a, B=1,2,3) are concerned,
these quantities can be calculated through j° (i=0,1,2,3), p,, By, (a=1,2,3)
given at a definite time moment. The p, is expressed by means of (3.11)
with i=0. The B, are expressed by means of (2.25) with i, k=1,2,3. These
expressions contain only space derivatives. Thus, the n state of the ensem-
ble is determined by j’ (i=0,1,2,3), p,, By, (a=1,2,3). Besides this it is
necessary to fix the sign of the quantity K defined by (3.2), because X is
defined by (3.2) to within the sign.

In the case when A=0 and the action (3.1) is reduced to the form
(2.20), the problem of the sign of X is solved easily. X should be chosen
positive, because the action has a minimum in this case only. Besides that,
the sign of K is conserved along lines of the vector ;¢ (along world lines)
owing to the equation of motion.

In the case A#0 the problem of choice of the sign of K becomes
complicated. Although the condition K>0 can be imposed and this
corresponds to the minimum of the action (3.1), whether the sign of K is
conserved because of the equations of motion remains open.

Let ¢ (x)=const be the equation of the characteristic surface of the
system of equations (3.9)—(3.12). Then the characteristic equation of the
system (3.9)—(3.12) can be represented in the form

A8 ; b
7(-5(¢i¢‘)’(¢kj")2((¢,¢’)+ 4K2(¢SB.‘,,,B""¢,))=0 (3.13)
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where
©=g"B,, B%=Big"
and the vector
=09,  ¢'=g" (3.14)

describes a normal of the characteristic surface. The characteristic equa-
tion (3.13) is Lorentz invariant. Every null direction ¢, (i.e., ¢;¢'=0) is
characteristic (threefold degeneracy). Every direction ¢,, which is orthogo-
nal to j’, is characteristic (twofold degeneracy). Finally, the direction ¢,
which obeys the equation

$,8% ¢, =0 (3.15)
where

2

4K?

g1k=gik+

BiB* (3.16)

is characteristic. The equation (3.15) has real solutions (see Appendix).
Thus all characteristics of the system (3.9)—(3.12) are real.

Let us write the expression of the canonical energy—momentum
tensor, which is defined by the relation

; aL
7=

s

u, ,— L&, (3.17)

S, i

where L is the Lagrangian density in the action (3.1), and u, denotes a set
of variables which are variated in (3.1): u={£,p,j}. Doing the calculation
and omitting terms that have the form of a divergence, one obtains

i i Lo A? i i g€ .
T, = mc(K8k+ 7(-(ij -]lj,Sk)— 4—E(Bk,/ ’I+B{]1’k)) + 7Ak]

(3.18)
In particular, the energy density is expressed in the form
jaja AZ €e F
T.g=mc(K+ <+ 4C2KBO°‘B0°‘)+—C—AOJ0 (3.19)



Quantum Mechanics as Relativistic Statistics ITI 657

It follows from (3.19) that in the absence of an electromagnetic field
the sign of the energy density coincides with the sign of K. This means that
we should consider K to be positive:

K>0 (3.20)

Apparently, the condition (3.20) should be taken even if it happens that the
sign of K is not an integral of the equations of motion (3.9)-(3.12). In this
case the (3.20) should be considered as an additional condition in the
search of an extremum of the action (3.1).

Later on, investigating properties of the system (3.9)-(3.12), one
assumes for generality that K can have any sign.

4. TWO-DIMENSIONAL CASE

Let us consider the two-dimensional case (one time coordinate and
one space coordinate). Then the system (3.9)-(3.12) can be written in the
form

j°(81p0—80p1)=0 (4~1)

me . Ame B e
P1=——Eh+—;c730(°72—1)*‘c—f41 (42)

me . Amc B ge
p0=~_1<_]0+Tal(~E0]-)_?AO (4-3)

1 ) .

?30J0_8111=0 (4~4)
do./1=—Bg+3,Jo (4.5)

The solution of the equation (4.1) can be represented in the forfn
Po=0,S, py=9,S (4.6)

where S is a certain function of coordinates x={x%x'} having the
dimensionality of an action.
Substituting (4.6) into (4.2) and into (4.3) one obtains

me .  Am B ge
5= =i+ T )£ 47

me. MNme. (B ge
aOS=———K—j0+‘——4 al(—Ko‘l_)"_‘C‘.'AO (4.8)
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Owing to (2.2) one obtains
1, 5. A2 L\
K= (Si-A+ 2 83) @9)

Thus the system of equations (4.4),(4.5),(4.7),(4.8) of the first order is
obtained. It contains variables jg, j;, S, By,.

The characteristic equation of the system (4.4),(4.5),(4.7),(4.8) has a
form

2
>\2m(—‘2-<1>§—q>f) ~0, o=2 (4.10)
¢ dx
A solution of the (4.10) can be represented as
x*ct=const, x=x', =x° (4.11)

with every characteristic being bicharacteristic. Apparently a direct in-
tegration of the system (4.4)—(4.8) is impossible. Essentially those solutions
are of interest that describe a bunch with a size L>A. The flux compo-
nents { j;, j;} are supposed to vary slowly inside the bunch, so that

Mal.lo|~’ ‘<<Jo

L Ac . .
Maojl‘z‘flhl«"ljﬂ (4.12)
If besides this ¢~ 2j2~jle~c~2j?—j2, then together with (4.9) these estima-
tions give
NBL 1

AB,
%) 01
e <<:3]0, ‘——;—i((K (413)

<2

NB2
2

This allows one to neglect the terms that contain A in equations (4.7)-(4.9).
The equations (4.7)—(4.8) can be written in the zeroth approximation in the
form

me | ge
3,8=— E/l —;Al (4.14)
mc &e
0,S=——Jjo— — .
S= Kojo - Ap (4.15)

1 1/2
Ko= (;J‘é—jf) (4.16)
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The system of equations (4.4),(4.14)—(4.16) describes a motion of an
ensemble of classical particles in an external electromagnetic field. This
description is satisfactory until inequalities (4.13) are fulfilled.

Let the ensemble be a bunch of particles with the same momentum p
and energy E. Let the size of the bunch be L>A. The system of equations
(4.4)-(4.16) describes a motion of the bunch satisfactory everywhere
except the small regions near the turning point. The fact is, that in the
strong enough electromagnetic field there can be regions which cannot be
achieved by the particles with energy E. The boundary of such a region
(here it is one dimensional) is the turning point. Reaching this point, the
bunch of particles reflects and travels backward. At one side of the turning
point j, =0, and at the other side j, 0. Thus near the turning point the
gradient of j, is large, and conditions (4.13) are not fulfilled. It is necessary
to take into account the neglected terms.

Let us return to consideration of the system (4.4)-(4.9). Let us
introduce dimensionless quantities (phases)

- §_ — >\B 01

=% =2k

Let us consider the case when the phase « is small. Let us try to find a
system of linear equations which differs from the system (4.4)—(4.9) slowly,

if « is small.
Adding and subtracting (4.7) and (4.8), one obtains

A(%80+81)( ~%)—i(1A +A) IL(%jo"‘jl) (4.18)

4.17)

mc
1 K ee {1 1
A(;ao_al)(‘P"’ 5) mcz( Ao—A4 )—_‘E(_lo_h) (4.19)
Adding and subtracting (4.4) and (4.5), one obtains
1 | S 1
(;ao"‘al)(;]o_h)”‘ 2301 (4.20)
1 1.,y 1
e 2 @21
Let us introduce designations
1/2 1. 12
( jo+11) ) W—=(zfo“11) (4.22)
a,=La+a, o =Lo,—0 (4.23)
c - c [¢] 1 .
_S )\Bm_ K __S_)\Bm _E
=Rtk P PRk 92 ¢
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If j' is a timelike vector, i.e., |c Y| >|j,|, then W, W_ are real for j,>0
and W, W_ are imaginary for j;,<0. One obtains from (4.9)

PaLLE 425
(-2 (429

In terms of (4.22)—(4.24) the equations (4.18),(4.19) take the form

AW_3, p_— me—;(%A(ﬁAl) W_+W,(1-x)>=0  (426)

AW,3_p, — ;%(%AO—A,)W+ +W_(1-)2=0 (427

The equations (4.20),(4.21) can be represented in the form

K

)\8+ W_ == "(—1—_;2)—1'/2— W+ (428)
AN_W, =— _—K"xﬁ w_ (4.29)
(1-+%)

If W, ,W_ are real (imaginary), then owing to (4.24) the equations (4.26)
and (4.28) represent to within k, respectively, real (imaginary) and
imaginary (real) parts of the equation

~ N3, (W _ei-)— ’:—;(%A0+Al) W_elt-+ W, ee=0 (4.30)

Likewise, if W, W_ are real (imaginary), then the (4.27),(4.29) represent
to within «, respectively, real (imaginary) and imaginary (real) parts of the
equation

~iNd_(W, e+)—

Eez(%AO—AI)W+ei"++W_e""—=O (4.31)
C

m
The equations (4.30), (4.31) are linear with respect to variables W
exp(ip,), W_exp(in_). This means that in the first approximation with

respect to quantity « the system (4.26)—(4.29) can be reduced to a system
of linear equations.
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However, using complex variables W _ exp(iu, ), W_ exp(ip_) is possi-
ble only in case W, and W_ are real or imaginary simultaneously. In this
case only the equations (4.30),(4.31) are equivalent to the system (4.26)~
(4.29) to within . In the case when one of quantities W, or W_ is real
and another one is imaginary, this equivalence is destroyed. In the com-
mon case instead of the imaginary unit / its matrix analog 7 can be used. 7
is a two-dimensional matrix

=00 = 0) (4.32)

7 has the same properties as the imaginary unit i has. 7 is another
imaginary unit. It differs from the imaginary unit i/, which can arise in
expressions of W, ,W_. For this reason these imaginary units can be
separated.

Let us introduce new variables

N

) (1 21/2(COS}L++Slnp.+)
P+ =172 W+t +(1)= w
2 + .
EI/—Z(COSI’W —sinp, )
L

A

[ w_
. 7 ——(cosp_ +sinp_)
— W_e"“-( 1)= 2 (4.33)

p-= 21/2
272 —(cosp_ —sinp_)

In terms of ¢ ,p_ the equations (4.26)—(4.29) can be written in the form

[ —AT0 (lA +4 )}(p_-i-e”'”‘((1—::2)1/2+—————'c 'r)<p+=0
mc? (1—n2)1/2

—ATB_——S%(lAO—A,) p e (1-)P-—5 p_=
mc c (1_K2)1/2

(4.34)

If x is small the equations represent to within x* linear equations with
respect to variables ¢ _,p_.
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Let us introduce now the four-line column ¢

.
(l 7 + )l/zcos(§+__}:._.B_(’l—Zr.)
clo T B 4c kK 4
(_1_ +')1/2 3 (§_+A&1_._Z
¢____1~(qu+)=_1_ o) SMFT K T3
21/2 P- 21/2 1. . 172 S A Bo] w
(o) "o § -2 %~ %)
cjo /1 h 4c K 4 )
(W cos( +2-Z ]
+ NPT 3 4)
| W+sin(q)+—2'i—%)
=5T/_2 . Cos(q,_ﬁ_ﬂ) (4.35)
2 4
. K w
w- S‘“(‘P‘E“Z)J
and four-line real matrices
10 1) (o 1) <¢ 0)
o_ 1 1o =
Y c(IO’ TS\ o T"Tlo o
0 1 0 0
0 1 0 0 0
v=cv‘v°n=(6 _T), "=lo o 0 1 (4.36)
0 0 1 0O
I is a unit matrix. The matrices satisfy the following relations:
Y +vS=2g"1, k=01
YiTk=TkYi9 Vyi=_7iV, i,k=091
WP =T, To¥ = = VTg, 'rf= -1, Tg'—‘l (4'37)

Taking into account (3.3), the equations (4.34) can be written in the form

['Yi(“‘hﬁai_ECEA.;)"'amC]Kb—aMap:O (4.38)
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Where M is a matrix:

3
M=m[l—]1—x2|_1/ze—”"(l+wc——lc2)]=m(ﬂ3c—+~Z—K4+0(K4))
(4.39)
— k212 w.w
S (Ul B L6 ”IsgnK (4.40)

(1—K2)1/2 W+ W__

« can take four possible values: =+ 1,+i. Real values of a correspond to
k2 <1 (timelike vector j‘). Imaginary values of a correspond to x?>1
(spacelike vector j*). The sign of a is determined ambiguously by the
quantities j, g, By;,sgn K. In this sense the sgna is an independent varia-
ble, which should be given at the initial moment. Such an ambiguous
determination of « is connected with the ambiguous determination of the
column ¢ by means of (4.35). Really, the (4.35) contains two double-valued
functions W, and W_, which are determined by (4.22). If j,, j,, ¢, k are
fixed, then at least four different ways of determining ¢ exist. The four
ways can be obtained from one of them by means of a combination of the
following two transformations:

Ti:y—y'=—¢, a-a'=aq, W,>—W,, W_—>—W_
(441)
T, y—¢' =cy%Y, a—>a = —a, W,»—W,  W_>W_ (442)
The variables j', @,x,sgn K are not changed by transformations
(4.41),(4.42). The equation (4.38) is invariant with respect to transforma-

tion (4.41),(4.42).
Let

Y=Y (jo’jv P, K) (443)
be a certain way of determining the column . Then
=Ty, V=T, Yu=T,T, (4.44)

are another three possible ways of determining the column . The follow-
ing relations hold:

(T, T,— T,T,)¢=0, T =1, TH =y (4.45)
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For this reason the transformation of the form T;"'7;2 ¢ (s, 5, are integers)
does not lead to new ways of determining .

The reverse transformation from ¢ to variables j,, j,, ¢,k can be
represented in the form

=y =y (4.46)
an@g)=L | anm - Y
Py W
R SR
where
y=cyy° (4.48)

and ¢ represents a line obtained by the transposition of the column 4.

It is easy to see that the relations (4.46),(4.47) are invariant with
respect to transformations (4.41),(4.42). Beyond this the equation (4.38)
and relations (4.46)—(4.47) are invariant with respect to transformation:

Yoy =en%Y, a—>a’ =a (4.49)

where a is an arbitrary real number. Thus, uncertainty of the choice of the
column ¢ increases. ¥ can be chosen to within a constant phase factor
exp(t,a). (4.41) is obtained by a=m.

It follows from (4.47) that ¢ determines phases ¢ and k to within an
additive constant only (s7/2 and nw, s and n are integers). The ambiguity
of ¢ is unessential, because according to (4.6) and (4.17) the ¢ is a potential
of p,. The constant additive term gives no contribution into p;. But the
ambiguity of « is essential. First of all let us note that x is determined
unambiguously by the second relation (4.47) in that case when j is a
timelike vector, i.e.,

1, .
Liz->0 (4.50)
c
In fact, it follows from (4.9) and (4.17) that

2¢ &[(1/¢2)3-j2]""

BOI A ( - 2)1/2

(4.51)
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It follows from this that in the case (4.50) with real B, the k can change
inside the interval (—1,1) only. This condition together with (4.47) de-
termines « single valuedly.
If the vector j is spacelike and B, is real, then it follows from (4.51)
that |x{> 1. In this case the phase « is determined from (4.47) ambiguously.
Let us solve (ambiguously) the second relation (4.47) with respect to «:

yry

k= —arctan — +nw (4.52)

147

where n is an integer variable. Substituting (4.52) into (4.39), one obtains
an expression of the matrix M through . This permits one to consider the
equation (4.38) as an equation for the determination of the four compo-
nents of the function . Generally speaking, this equation is nonlinear,
because M depends on y. But, if |k|<«1, then according to (4.39) M<m,
and the last term of (4.38) can be neglected. In this case the linear equation

yi(—h'rla,.——fée-A,.)¢+amc¢=0 (4.53)

arises where a= * 1, because |k|<1.
A solution of the equation (4.53) can be obtained by combining
solutions of two linear equations

v(—Amd - %Ai)xl/+mc¢=0 (4.54)

y"(—hfla,.— chAi)¢—mc¢=O (4.55)

Which of the two equations (4.54),(4.55) should be taken in a given region
is determined by the sign of the variable « from (4.40), i.e., it is determined
essentially by choice of signs of W_ and W_ in (4.35).

If k<1 and K>0, then

_ 2 1/2
a=sgn(1-—x2)1/2=sgn[1——(arctan£_’l—¢) } (4.56)
vy

Equation (4.54) corresponds to the positive a, and (4.55) corresponds to the
negative a. A transition from one equation to another can take place if

oy
Y

= *tan| (4.57)
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In this case |k|=1 and the last term of equation (4.38) cannot be
neglected. Thus, between the regions where ¢ satisfies (4.54) and (4.55),
there is a region where y satisfies (4.38).

In addition, if |x|=1 and |B,,|<oo then according to (4.51) j* be-
comes null (¢™2jg —jZ=0). In other words, let there be two regions. In one
of them equation (4.54) (a=1) is fulfilled. In other one equation (4.55)
(a=~1) is fuifilled. Then by transition from one region into another the
vector j' becomes null, or By, becomes singular. If B;, has no singularity
anywhere and j* is timelike everywhere, { satisfies one of the equations
(4.54),(4.55) everywhere.

Each of equations (4.54) and (4.55) is like a two-dimensional Dirac
equation. In fact, the two-dimensional Dirac equation has the form

v/( —ind, - “4 oo+ medo=0 (4.58)
where

e I (ORI M

and ¢, {, are complex variables.

Equation (4.58) can be reduced to equation (4.54). For this it is
sufficient to substitute the imaginary unit i/ by 7 and to use matrix
representation (4.32). Then every complex number z is represented in the
form

z=Rez+iImz=Rez+1-1mz=( Re:z Imz)
—Imz Re:z
Y, takes the form
Rey, Imy,
—Imy, Rey,
= 4.6
%! Rey, Imy, (4.60)
—Imy, Rey,

The matrices iy°,iy' are substituted, respectively, by 7,v° and 7,y!, where
v® and y' have the form (4.36). Each column of the matrix (4.60) is real
and satisfies the equation (4.54).

Thus, the continuum of solutions of the two-dimensional Dirac equa-
tion (4.57) constitutes a continuum of real solutions of equation (4.54).
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Expressions of components of j* in Dirac’s theory coincide with expres-
sions (4.46) of real solutions of equation (4.54). But equation (4.54) has
imaginary solutions together with real ones. The imaginary solution can be
obtained from the real one by multiplying by the imaginary unit i. Let ¢ be
a real solution of equation (4.54). It corresponds to a solution y, of
equation (4.58) and to some flux density ;' with j, >0. The imaginary
solution ¥, =iy of equation (4.54) corresponds to flux density (j*);, = —/’
with (Jp)im = —Jo <0. ¢, does not correspond to any solution of the Dirac
equation (4.58). In fact, in Dirac’s theory j, >0 always, but in the case of
equation (4.54) j, can be both positive and negative. There is no privileged
direction of time. In this sense a set of solutions of equation (4.54) is more
abundant than that of the Dirac equation (4.58).

As concerns equation (4.55), it is in some sense equivalent to equation
(4.54). In fact, if Y is a solution of (4.54) then ¢’ =cy%y'y is a solution of
(4.55) and vice versa. The same values of j,, j,, @, k correspond to i and ¢,
but values of «a differ by sign [cf. (4.42)].

Thus, in the case |k|<1 [in this case (4.50) is fulfilled] the system
(4.4)-(4.8) can be approximated by one of the equations (4.54),(4.55), and
the dynamical system state is described by the wave function (4.35)
completely. Each of the equations (4.54),(4.55) represents essentially the
Dirac equation with the difference that the imaginary unit i is replaced by
a real matrix 7, that has properties of the imaginary unit i.

In the case when « is not small but |k} <1 (and consequently (4.50) is
fulfilled), the system (4.4)—(4.8) can be replaced by equation (4.38) with the
wave function ¢ describing the dynamical system state completely.

Finally, in the case when |«|>1 [and (4.50) is not fulfilled], the system
(4.4)-(4.8) can be replaced by equation (4.38), but already the wave
function (4.35) does not describe the dynamical system state completely.
This fact is connected with that, that according to (4.52) ¢ determines the
phase k to within a7 only. For determination of the n state of the
dynamical system it is necessary to give not only i, but still, generally
speaking, an integer quantity », which is a certain function of x.

Apparently, n can be determined through ¢ given at a certain moment
of time, if one uses continuity of k and n=0 inside those regions where the
condition (4.50) is fulfilled. But such a determination of » is not local. n(x)
is determined by the form of the function ¢, not by the value of ¢ at the
point x. In other words, n can be a functional of . The sense of ¢ is clear.
This is a wave function or some analog of it. The sense of the integer
variable # is unclear. This problem needs a special investigation. Here I
confine myself to the following remark.

In the case when at every point of space-time there are only particles
or only antiparticles, the flux density vector ;' is timelike. The condition
(4.50) is fulfilled and n=0. Violation of (4.50) can arise in that region of
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space-time where there are both particles and antiparticles. The total flux i
consists of the particle flux j, and of the antiparticle flux Ji

F=ji 4 (4.61)

Each of the vectors j/ and j} is timelike. As far as j? and j? have different
signs, then in the sum (4.61) the time components are compensated
partiaily or completely. As a result the violation of (4.50) is possible. Then
n#0 can arise.

It is useful to write the expression (3.19) for the energy density in the
case of violation of (4.50). Taking into account (4.17),(4.22),(4.25), and
supposing that K> 0, one obtains

2 1/2 1 2 .
T.((’,=mc(—-———————(l/1 2)'; .2) ( +2——-————( /f Vo —Ji 2) (4.62)

Hence it follows that with fixed jg, j;, and |k|—~o0,

0_ ( (1/ié

To=me| ————F—
I(1/e?)id 7212

i.e., with large |«| (and consequently large n) the energy density is propor-
tional to n.

It is natural to assume that the energy density is proportional to the
number of particles and antiparticles in unit volume (not to j° but to
L%l +1/2D. Then the fact that Tgoc|x| with [k|—>o0 can be treated in the
sense that the greater |k| is, the more the number of particle and antipar-
ticle taken separately, with their difference fixed. Apparently, « (and n)
represents a quantity of the type (n,+n,)/|n,—n,|—1. n, is a concentra-
tion of particles, n, is a concentration of antiparticles. But this problem
needs a special investigation.

1 .2 .2
e J1

1/2
)|x| (4.63)

5. THE TRANSFORMATION PROPERTIES

Let us investigate the law of transformation of  with respect to
Lorentz transformation

t—>t’=tChi,B+%shi,B
x—x’=ctshi B+xChif 5.1

where, Chi and shi denote hyperbolic cosine and hyperbolic sine respec-
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tively. B is a parameter of transformation. The following law of transfor-
mation of the quantities j°, j', By, S is obtained:

79— =;%Chi g+ —i—j‘shi,B

j'=j""=¢j%hi B+;'Chi g
By —By, = By,
So8'=8 (5.2)

Using (4.35) and (4.36), the following law of transformation of ¢ is
obtained:

¢_,¢f=e(l/2)cy°7‘/?¢ (5.3)

It is the law by which spinors are transformed (see, for instance,
Bogoliubov and Shirkov, 1976). Thus ¢ is a spinor.

It is easy to verify that equation (4.38) and each of the equations
(4.54), (4.55) are invariant with respect to Lorentz transformation

(5.1),(5.3).
Let us consider a transformation of the coordinate reflection

t>t'=—1, x—>x'=—x (5.4)

As far asj’ is a vector and S is a scalar, the following transformation law is
obtained:

jO__)j0r=_j0, jl_)jl/=_jl

By —>Bj =By, S—8'=8, KoK'=K (5.5)

From (4.35),(4.40),(5.5) the following law of transformation of ¢ and «
follows:

Y =iy (5.6)
a—a'=—a (5.7

It is easy to verify that equation (4.38) is invariant with respect to
transformation (5.4),(5.6),(5.7). As concerns equations (4.54),(4.55), with
the transformation (5.4),(5.5) equation (4.54) transforms into (4.55) and
(4.55) transforms into (4.54).
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Finally, let us consider the transformation that changes the compo-
nent ¢ of the world line orientation. It is connected with the change of the
sign of a parameter that numbers points of a world line. This transforma-
tion does not affect a coordinate system and can be represented in the
form

ese'=—e, Yoy =cy'y red
x'ox=x' (5.8)
This transformation leads to
J T R (59)
tan(2¢)—tan(2¢’) = —tan(2g), tank—stank’= —tanx  (5.10)
Let us suppose that (5.10) can be replaced by
P=@'=—9, KkoK'=—k (5.11)
Then it follows from (4.6),(4.17) that
Po—Po= ~Po»  P1mP1= TPy
Applying (5.8),(5.10) to (4.35), one obtains
W,->W,=-W,, W_->W_ =W_ (5.12)
From (4.40)
a—a’'=—a (5.13)

It follows from (5.8),(5.11),(5.13) that equation (4.38) is invariant with
respect to transformation (5.8). With transformation (5.8) equation (4.54)
transforms into (4.55) and vice versa. The transformation (5.8) changes the
sign of the electric charge ee of the particle, i.e., a particle is transformed
into antiparticle and vice versa. For this reason the transformation (5.8) is
associated with a charge conjugation transformation.

6. DISCUSSION

Investigation of the solution of equation (4.38) is a complicated and
difficult problem. I hope soon to make some attempts to investigate
equation (4.38) more. Here I confine myself to the following remark.
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If the electromagnetic field is absent, the steady-state solution of the
(4.38) can be represented in the form

y=exp| (7,/8)( pox’+p,x") | (v'p,— ame) W, (6.1)

where p,, p, are real constants satisfying the relation

1
Lpipi=mc ©2)
4

and W, is a column of four arbitrary numbers that are real or imaginary
simultaneously. Expression (6.1) is a solution of the two-dimensional Dirac
equation (4.53). An arbitrary linear combination of solutions (6.1) is a
solution of (4.53) but, generally speaking, it is not a solution of the (4.38).
In other words, for nonlinearity of the equation (4.38), its steady-state
solutions (6.1) interact. Formally it manifests itself in the fact that the term
aMcy of equation (4.38) vanishes for the solution (6.1), but, generally
speaking, it is not equal to zero for a linear combination of expressions
(6.1). This term describes an interaction of the plane waves (6.1). The
interaction is connected with the presence of a gradient of the flux density
J* (x becomes different from zero). It arises whenever j° depends on a
coordinate or on time.

The main result of the paper is the following proposition. In the
two-dimensional space-time a system of equations for tensors of integer
rank can be written that can be approximated with a linear spinor equation
(Dirac equation). This circumstance is surprising. The spinor fields are
supposed to differ from the tensor fields strongly. For instance, particles
described by a spinor field obey Fermi-Dirac statistics, whereas particles
described by a tensor one obey Bose—Einstein statistics. The spinor Dirac
equation is considered usually as an elementary equation that cannot be
reduced to anything simpler. Here one discovers that an equation that
differs from the Dirac equation very slightly can be obtained starting from
the relativistic statistics of world lines.

Strictly speaking, the possibility of approximation of the system (3.9)-
(3.11) by means of a linear spinor equation is shown for the two-
dimensional space-time only. The possibility of such an approximation in
the case of four-dimensional space-time remains open. The question re-
mains open, if the system (3.9)-(3.12) describes an ensemble of particles
with spin ;.

Such a possibility seems probable, if one takes into account two
circumstances. (1) In the nonrelativistic approximation and in the case
where p;, has a potential, the system (3.9)-(3.12) is equivalent to the
Schrodinger equation. (2) In the two-dimensional space-time the system
(3.9)-(3.12) can be approximated by the Dirac equation.
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APPENDIX

Let us show that the equation
' A? i pl \pk
(D’( 8k — ZI?Z-g,.,B;B.k)Q) =0 (A.1)
for vector @ has real solutions. Here
2

i Ao
K*=j Ji+?3.,3.’, (A2)

For the proof of this fact it is convenient to decompose vector & over
eigenvectors of the matrix B/ in the form

4
q)i= 2 a(,)u{I) (A.3)
I=1

where u{,) are eigenvectors of matrix B/,
—_— )
B{ku(l)—h(,)uf(l) (A.4)

A(;) are eigenvalues. There are no summations over indices inside parenthe-
ses. The matrix B/, can be represented in the form

0 E/c E,/¢c E;/c

. 0 H, -H,

B = AS
* lcE, —-H,; 0 H, (A-5)

¢cE, H, -—H, 0

where E= (E,, E,, E,}, H={H,, H,, H;} are certain vectors. A calculation
gives the following for the eigenvalues A, and eigenvectors u{,):

[(E2—m2)2+aEny | +E2-H2
2

1/2

An=—Ap=

[(EZ—H2)2+4(EH)2]]/2—(E2—H2)
2

. 2
A= —Ag=ir=i 172 (A.6)
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(11 ,
“(j‘)={'c_ Z(A(I)E+vH+ ExH])}
(11
u&):{; - (AE- vH+[ExH])}
N ,
u(3)={? —U—B(WE—I)\ H+[EXH])}
B U
u(14)={;,—6—3(~1VE+1)\1H+[EXH])} (A.7)
N =Agsgn(EH),  »'=»sgn(EH) (A-8)
B2+ B+ [ (712 +4(Emy’ ]
o,=
2
B2+ H2 - | (B2 H2)2+ 4(EH) |/
e (B2 H2) + 4B’ a9)

2

where (EH) and [EZXH] are, respectively, a scalar product and a vector
one. Eigenvectors u{,,, u{, are real, but uj; and u,, are complex with

(u{:,,))* = u(;) (A.10)

Here (*) denotes a complex conjugation. If @/ is real, then Ay, Ay are
real, but a3, a, are complex with

aly=ay (A.11)
Substituting (A.3) into (A.1) one obtains

4

2 apag|! }\ >‘<1> o S g nlry) =0 (A.12)
LU=1

Taking into account (A.11), and the fact that

03 .

21— — ifl=1,//=2o0rl=2,I'=1
41

ulng. ub, =

(8t 2(1—3) if1=3,'=dor[=4,1'=3
03

0 in other cases

(A:13)
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and that by means of (A.6) K2 can be represented in the form
2 1 >\2 2 2
K*=jj+ Z'(A(l)_ Al ) (A.14)

one obtains from (A.12)

L jf]}+>\>\2(1)/4

(A.15)
g3 J'Ji_AA2(3)/4

2l ~ |“(3)|2

It follows from (A.15) that for an arbitrary real a #0 the a(;, is real.
Thus, (A.1) has real solutions depending on three real parameters:
a(z),Rea@),Imam.
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